Relationships Between Antennas as Scatterers and as Radiators
INTRODUCTION
The reciprocity of antenna input impedance and pattern between receive and transmit has been known for many decades. Work on the relationship between a scattering antenna and a transmitting antenna dates at least from the 1920s, starting with Carson and Sommerfeld. The modern relationship was derived by a number of workers including
King and Harrison [I], Aharoni [2], Stevenson [3], Harrington
[4], and Collin [5] . Because this relationship is of vital irnportance t o the understanding of antennas as scatterers, and because many of the old derivations are obtuse, the relationship is rederived using the approach of Collin.
THE ANTENNA-SCATTERER THEOREM
The antenna is considered t o have one port, and the electric field in space is assumed t o be expanded in a series of N modes. Mantenna portscould be included if desired.The spatial modes may be infinite in number and they need not be orthogonal. For purposes of discussion here, the external modes are assumed t o be spherical waves. Let the complex applied and reflected electric field waves in the feed port transmission line be represented by a and b. For the case of radiation only, all c, equal zero, and the scattering matrix equation reduces t o b = Sooa. And Soo is the antenna port reflection coefficient with a wave incident from the generator. When the antenna has been removed, d, = c, , and the scattering matrix reduces to:
When the antenna is driven by external waves, the mode in the feed transmission line reflects at the load impedance with a reflection coefficient r, and a = r b . From the scattering matrix (I), the total fields are
(4)
Here (3) is a single equation but (4) is a set of equations for n = 1, N.Thesuperscript tindicatestotal fields.Theseequations can be combined t o give a set of equations for the outgoing spherical waves:
Now the field scattered by the antenna is the difference between the total field and the antenna-absent field:
Next, the short-circuited situation will beexamined. Since the reflection coefficient is looking into the load:
A short-circuit is r = -1, with the result:
The superscript o denotes short-circuit. This gives theoutgoing spherical modecoefficients in terms of the short-circuited outgoing mode coefficients, and the scattering matrix and reflection coefficient parameters. In all ofthis it isassumed thatthespectrumof incomingwaves, c, , is known. For the case of incident external waves only, the shortcircuit current is (10) From the original scattering matrix equation, the short-circuit reflected wave in the transmission line is given by: SO, , , ^, , , . (11) Substituting the short-circuit current result from ( I O ) gives the following:
Now consider the antenna radiating with no externally incident waves. For this case:
( 1 3) Here the superscript a signifies a radiation situation. The applied field can be written in terms of current and impedance, normalized by the inverse of the square root of characteristic impedance:
Here I, is the antenna current, while Z, is the antenna input impedance. From these, the outgoing spherical waves produced by the driving antenna current can be found:
Finally, when both the short-circuit scattering, (12), and radiation results, (15), are substituted into (9), the result is This is the key equation, which relates the complex coefficients to those of the outgoing wave with a short circuit, and under radiation conditions. Note that I, is the short-circuit current when the scatterer is illuminated by the set of incomingwaves c, , and I, is the antenna current which produces the set of outgoing waves d:. Now, the load and antenna coefficients will be written t o eliminate the transmission line of characteristic impedance Z, in between:
Since the reflection coefficient term in (16) may be written as:
Recall that this is a set of equations for all of the outgoing spherical modes. Because the electric field is just a summation of these modes, the electric field can be similarly written: (20) This is the final theorem, expressing the fields scattered by an antenna in terms of the short-circuited field plus the radiated field multiplied by a load antenna impedance factor. The radiated field is normalized by the antenna driving current; and in a similar fashion the short-circuited scattered field is normalized by the short-circuit current. It is important to note, however, that the total scattered field is also normalized by the short-circuit current.
THE ANTENNA-SCATTERING THEOREM IN TERMS OF REFLECTION COEFFICIENT
Since the basic antenna-scattering result from the previous section does not involve the antenna port characteristic impedance, it is now convenient to define an antenna reflection coefficient as:
Using this in (20), the fields immediately become:
Note that if the transmission line of (17) vanishes, the r of that equation is just the negative of (21); negative because the r's are looking in opposite directions. It is useful to rewrite this equation into a term involving Fa and a second term: r Here /short = I,, and Ian, = I, are spelled out. Of course, any field can be separated into a linear combination of a constant and a term times Fa; the crucial thing here is that Fa multiplies only the radiated antenna field. However, the translation of (23), relating fields into an equation relating cross sections, does not produce such a clean separation. Discussion of this significant point will be deferred. After some manipulation this can be written as:
where the conjugate match reflection coefficient is defined by:
where T, also contains angular dependence and other parameters. Use of eq. (22) and these allow the radiation portion t o be made explicit:
Note that (25) still contains the short-circuit current I,. N o w for the short-circuit case and for the conjugate matched radiating case, the products of current and impedance are related:
I0Z, = 1; cz, + z;,.
This allows the final result to be written:
where 1: is the scattering current of a conjugate matched antenna. This result (28) is that of Green [6], although he conveniently sets the normalizing currents equal.
A similar result can be obtained for a conventional load match. If in eq. (26) the antenna is matched with Z, instead of Z: , the result is Thus, the scatter field for any load impedance can bewritten simply in terms of the scattered field when the antenna is matched plus the reflection coefficient times the radiated field (this is eq. (2911, or it can be written as the scattered field with a conjugate match load plus the conjugate match coefficient times the radiated field (this is (28)). Thus, there is n o reason for the mystique that has been inferred by some over the use of a conjugate match reflection coefficient. It will beshown i n thenext section throughexamplesthatthis is indeed the case.
Using only the reflection coefficient form, there are thus three ways of writing the scattered field. It can be written as the short-circuit field plus (1 -r,) times the radiated field: eq. (22); or, it can be written as the scattered field for a matched load plus the reflection coefficient times the radiated field: eq. (29). And (28) is a conjugate match version of (29).
RCS EQUATIONS
From the scattered field expression it is n o w feasible t o write the radar cross-section (RCS) expression. Assume a current-driven antenna (a wire antenna, for example); the voltage-driven case is analogous. Let the (receiving) effective length be%; it contains angular dependence and all necessary parameters for a particular antenna. Induced voltage v = E,%. Use is made of equality of receiving and transmitting impedance. The t w o terms in (32) may becalled "structural" and "antenna." Then the RCS may be written:
Here drel i s the relative phase between the terms of (33).
Consideration of several cases may explicate these terms.
A short circuit, ra = 1, gives: Two examples will show the range of these concepts. First takea resonant wire dipole.^^^,,^,^,,^ isalittlemorethan four times uantenna, so the match value is uantenna, the short-circuit value i s approximately 4uantenna, and the open value is small (it is that of t w o roughly Xl4collinear wires). Thus, the residual scatter is appropriately named. As a second example, place the resonant dipole i n a large metallic container that has only a small aperture. The short value is primarilythatofthestructure,asthedipole has little effect through the small aperture. Of course, it is possible for the structure t o be designed t o have low RCS in one or more directions, in which case the structural value may be small. In general, though, the container will have a large scattered field compared with the field radiated by the dipole through the small aperture. Thus, the match and open values will be only slightly less than the short value. Here the term residual for the open case is less appropriate; there does not seem t o be a set of terms that fits these different, but practical, examples well.
The antenna term has also been called the reradiation term, or the conjugate current term. When an antenna is excited bya planewave, there isacomponentof the induced currentthat istheconjugate(duet0the reversal of direction of propagation) of the radiation current [8]. The radiation current is, of course, affected by surroundings. The remainder of the current accounts for the structural scatter, typically due to antenna surroundings, edges, etc.
It is difficultto bound the parameters in eq. (331, b u t some useful results can be derived. To produce zero scatter, (33) must be zero, and this requires that:
Since, for positive resistances, the magnitude of the real part of Fa can be no greater than unity, there are clearly some cases where a zero scatter cannot be obtained through choice of ZL. There is n o limit o n the imaginary part of Fa, since Z, i n eq. (21) is complex. For the case where a realizable ra can be found t o satisfy (33) for a particular direc-HANSEN: ANTENNAS AS SCATTERERS A N D AS RADIATORS tion and frequency, the RCS will be zero for that direction and frequency. And two variables ZL will be adjusted to produce that r,. A n inherent difficulty o f the analytical approach i s the need to know the relative phase. Experimentally, however, theZ, can simply bevaried todetermine the minimum RCS that can be achieved.
GAIN AND ABSORPTION AREA
In addition to the field and RCS relationships which are for specific directions in space, a global connection exists between transmit antenna directivity and receive absorption effective area. Using the same symbols as before, an incident wave produces a voltage at t h e antenna terminals, (30), and the power deposited into the load is expressed by:
Since P, = €:IT, the effective area for power absorption, assuming a loss free antenna, is (39) It iswell known thatthedirectivitycan beexpressed in terms of antenna effective area A,: G = 4*A,/X2. And since for all antennas [9] 30d: = RaA,, directivity can be written as N o w the directivity-absorption area relationship emerges:
Thus, the t w o are related as expected, w i t h an additional impedance matching factor. A minimum of unity for this factor occurs for a conjugate match ZL = ZT. For a reactance-only match XL = -Xa, the factor increases slowlywith either RLIR, or RaIR,; for RL = 2Ra the factor is only 1.125. So it may be concluded that the absorption area is in general less than expected from the directivity: AL 5 X2G14a.
SUMMARY
A review of the rigorous relationship between radiation and scattering has shown that the field scattered from an antenna for any load impedance can be written as t h e sum of two terms. The first term is the short-circuit scattered field, while the second is the radiation field times (1 -r)/ 2. Each is normalized by its respective current. A n alternate form also expresses the scattered field; the first term is the matched scattered field, and the second is the reflection coefficient (r) times the radiation field. Again, each is normalized by its respective current. The alternate form can also be written using the conjugate match reflection coefficient as derived by Green, b u t there is no advantage in using this form.
For manyantennas, the structural scatter i s roughlyequal to four times the antenna scatter. 
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